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Supersonic Propeller Noise in a Uniform Flow

Wen-Huei Jou*
Flow Research Company, Kent, Washington

The sound field produced by a supersonic propeller operating in a uniform flow is investigated. The main
interest is the effect of the finite forward flight speed on the directivity of the sound field as seen by an observer
on the aircraft. The integral representation of the solution to the convective wave equation is obtained by using
Green's function. The source space is transformed to a blade-fixed coordinate for ease of evaluation. The
solution in frequency domain is obtained through Fourier transformation of the solution in the time domain.
By using a far-field approximation, the solution is simplified to a form from which qualitative directivity pattern
can be extracted. It is found that there are cones of silence on the axis of the propeller. The semiapex angles on
these cones are equal fore and aft of the propeller plane and depend on the tip Mach number only. The Fourier
coefficients of the acoustic pressure contain the Doppler amplification factor [(1 — M2 sin2ft)y2 — Mcostt]"1.
The sound field weakens in the upstream direction and strengthen downstream. Kinematic considerations of the
emitted Mach waves not only confirm these results, but also provide physical insight into the sound generation
mechanism. The predicted zone of silence and the Doppler amplification factor are compared to the theoretical
prediction of shock wave formation and the flight test of the SR3 propeller.

Introduction

THE early work of Gutin1 on the noise generated by an
open rotor is known to be applicable only to the subsonic

propellers. At high speeds, the acoustic wave length becomes
comparable with the length scale of the blade. The source can
not be considered "compact" as implied by Gutin's theory.

The general theory of sound generated by a surface in
arbitrary motion was investigated by Ffowcs Williams and
Hawkings.2 The acoustic sources due to the motion of a solid
surface were identified as the volume displacement, surface
force, and flowfield effects. Each of these behaves as an
acoustic monopole, dipole, and quadrupole, respectively. The
general solution is then constructed in integral form by using
the fundamental solution of the wave equation. The Dirac
delta function in the integrand projects the integral into a
three-dimensional subspace. This subspace can be chosen at
will by using various basis vectors for analytical or computa-
tional convenience. Thus, the solution can be presented in
various forms.

One of the most important forms of the general solution is
that obtained by projection to the three spatial dimensions.
The procedure results in the familiar retarded potential solu-
tion. With further transformation of the spatial domain from
the inertial frame to a coordinate system fixed on the solid
surface, the integrand for integration in space domain can
be shown to be singular when the relative velocity of the
surface to the observer is at sonic speed. One may also project
the four-dimensional integral to the surface of a sphere col-
lapsing at sonic speed toward the observer. This form of the
solution avoids the above-mentioned singularity, but creates a
new singularity when the solid surface is moving toward the
field point at sonic speed with its normal in the direction of
radiation.

The general theory of Ffowcs Williams and Hawkings has
been applied to the supersonic rotor noise in various forms.
Hawkings and Lowson3 employed the retarded potential ap-
proach in a blade-fixed coordinates. They solved the problem
in the frequency space and constructed the time wave form by
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Fourier inversion. The singularity in the integrand was shown
to be integrable and the Fourier coefficients were obtained by
using a far-field approximation. They found that there are
cone of silences fore and aft of the propeller plane, in which
the supersonic noise is exponentially small. Whitham's4 theory
of weak shock propagation was then applied to examine the
nonlinear distortion of the time waveform as it propagated
into the far field. Hawkings and Lowson showed that the
nonlinear effects substantially alter the waveform, but have
little effect on the overall sound pressure level. Finally, they
concluded that the linear theory can be used as a predictive
tool for the gross features of the acoustic field.

On the other hand, Farasset and Brown5 employed the
approach using the collapsing-sphere solution of Ffowcs
Williams-Hawkings's general theory. To obtain the time
waveform of the acoustic signature, a collapsing sphere, cen-
tered at the observer, is generated from infinity at each ob-
server's time. As the sphere collapses toward the observer at
sonic speed, the intersection of the sphere and the rotating
blade surface can be computed. This intersection generates a
surface and the acoustic signal at the observer's time can be
computed by integrating the contributions from the sources
over that surface. The method may be implemented by using
a mean surface approximation or by using the exact location
of the solid surface. The numerical computations were later
made very efficient.6 The procedure is entirely numerical and
no far-field approximation is made. The noise field can be
mapped out by calculating the signature at different observer's
positions.

Although Farassat and Brown's procedure, aside from the
discretization error, is an exact solution of the linear acoustic
equation and, hence, more accurate than that by Hawkings
and Lowson3 in the near field, the latter explicitly showed
some very interesting characteristics of the sound field of a
supersonic rotor. The existence of the silent zone in front of
and behind the rotor is particularly useful information. Other
characteristics and physical insights can also be obtained by
using the approach of Hawkings and Lowson.3

The aerodynamic field as observed on a blade-fixed coordi-
nate system is in steady state. If such a steady-state solution
can be found, the azimuthal variation of the pressure field
away from the propeller can be easily transformed to time
domain as acoustic waveform. Jou7 numerically solved the
exact nonlinear potential flow in a blade-fixed, body-fitted
three-dimensional grid system. However, the attention was
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mainly given to the near-field flow structure. The computa-
tional grid was clustered near the propeller surfaces with very
few grid points in the far field. Therefore, prediction of the
acoustic waveform was not attempted. On the other hand,
Tarn and Salikuddin8 assumed that the near field is governed
by linear potential flow and that the cumulative nonlinear
effect along the path of propagation results in the formation
of shock waves. Therefore, they formulated a linear aerody-
namic near-field problem with nonlinear effects restored in the
far field. The predicted waveforms at various location were
compared favorably to those obtained from the flight tests.

Hanson9'10 examined the far- and near-field noise in fre-
quency domain. The theory incorporated the effects of the
forward flight by considering the helically convected steady
source distribution. The effect of the blade sweep on the noise
was shown to result in phase cancellation of the signals gener-
ated at different span wise sections. The time waveform was
obtained by Fourier synthesis and was, in general, in good
agreement with experimental measurements.

The various predictive methods developed in recent years
provide valuable tools for design purposes. The present paper
complements these methods by attempting to extract qualita-
tive physics from an extension of Lowson and Hawkings
theory. The major extension is the inclusion of the effects of
the finite forward flight speed. This modification is essential
for examination of the cabin noise. By using a far-field ap-
proximation, some information on the directivity pattern can
be directly extracted. Particularly, we address the question of
whether the cones of silence will maintain the symmetry with
respect to the rotor plane and of how the forward flight speed
will modify the directivity pattern through Doppler amplifica-
tion effects. These simple results are compared with the theo-
retical prediction of Tarn and Salikuddin8 and the flight test of
the SR3 propeller.

Retarded Potential Solution for
Convective Wave Equation

The starting point of the following analysis is that the wave
front propagates in a uniform flow as a convective sphere.4
Based on this idea, it is fairly easy to construct the fundamen-
tal solution of the convective wave equation and to obtain the
general solution in an integral form.

Consider an acoustic disturbance generated at A and propa-
gating in a medium with a speed of sound a and a convective
Mach number M. The signal propagates away from A as a
convected sphere, as shown in Fig. 1.

Referring to Fig. 1, the center of the convected spherical
wave front is at B. For an observer at C, the received strength
of the signal is inversely proportional to f. By simple geomet-
rical construction, the following relation between the distance
r, from the observer to the emitter, and f can be obtained:

where
(1)

(2)

(3)

where er is the unit vector pointing from A toward C. The
retarded time to the observer at C is simply

TO = t - (f/a) (4)

Using Eqs. (1-4), the solution to the convective wave equation
with a «th-pole source £>//..., can be given as

4ir(p -

Fig. 1 Wave front geometry.

Fig. 2 Blade-fixed coordinate.

where (p — po) is the acoustic pressure. In the solution given
by Eq. (5), the source space y is in a coordinate system fixed
in a nonrotating frame. The moving body (emitter) is regarded
as distributed pulsating sources whose strength is nonzero only
when the solid surface passes through the field point y.

For describing acoustic disturbances generated by a rotating
propeller, the most appropriate coordinate system for describ-
ing the sources is that of a blade-fixed coordinate as shown in
Fig. 2. The source strength described in such a system is in a
steady state. The acoustic signal at the observer's position jc
and at the observer's time can then be obtained by summing
the contributions from the steady sources emitted at the posi-
tion related to the observer's space-time (x,t) by the retarded
time.

The transformation from the inertial frame y to the blade-
fixed coordinate rj is defined by

yi — *73 sincor 4- 772 coscor

^3 = ^3 coscar + 172 sinwr

T=t- (r/a)[(K2 + /32)1/2 - K ]

(6)

(7)

(8)

(9)

(5)

Without loss of generality, we assume that the initial phase of
rotation is zero. Since r and er depend on the variable y, the
above transformation is implicit. The Jacobian of the trans-
formation can be shown to be

(10)
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where Uf is the velocity of the emitter. Note that for M = 0, so
that K = 0 and # = 1, Eq. (10) reduces to the corresponding
expression given by Ffowcs Williams and Hawkings2 and
Lowson11; i.e.,

(11)

With these transformations, the general solution [Eq. (5)], can
be rewritten in the following form:

(12)_
' dt

pQd(m + M) • V/z

where the brackets [ ] denote the values of the quantities at the
retarded time, h the thickness of the blade, m the rotation
Mach number of the emitting element, and the integrations are
evaluated over the planform of the blade. Here, a thin blade
is assumed. Therefore, the forces on the top and the bottom
surfaces of the blade are combined to give the net force /} on
the planform of the blade.

Fourier Components of Acoustic Pressure
We now expand the acoustic pressure given by Eq. (12) in

Fourier series in time. Since the integrands are described in the
space-time domain on a blade-fixed coordinates, the Fourier
integral in the observer's time domain may be transformed to
that in the emitter's time domain. The difference between the
observer's time t and the emitter's time r is the time of flight
of the acoustic signal At as shown in Fig. 1. Therefore,

Since,

and

Tdr

dr

(13)

(14)

(15)

the transformation from the observer's time to the emitter's
time can be shown to be

(16)dt =J~l dr

P(x,y,o)

This transformation leads to the following expression for the
Fourier coefficients for the acoustic pressure:

(17)c. = * « / - / y j d s

where co is the frequency of the rotation, n the harmonic
number, and

•exp / •3]
and

—• exp i r + - dr

dr (18)

(19)

For a propeller with supersonic tip speed, the wave length
a/nu is comparable to the length of the blade R, because
uR/a = O(l). The source is noncompact and cannot be con-
sidered as a concentrated source even in the far field.

In order to simplify the expression for Cn and to extract
physical information on the mechanism for sound generation,
we consider the far field approximation as the limit that
R/r < 1 and a /n cor < 1. In the far field, the observer's posi-
tion is defined in a spherical polar coordinate system (r0, Q, 0)
as shown in Fig. 3. Since the sound field is axisymmetric, the
azimuthal angle is set to be zero. To the first order of far-field
approximation, we have

1-M2

1-M2

(1 - M2 sin20)1/2 - M cosfl

(1-M2 sin2!})1'
n

cos0 —
'o.

where

(20)

(21)

and the meridian angle for the observer's position is defined
by

sinQ = y/r0 (22)

Letting m = uR/a be the rotation Mach number of the emit-
ting element, the integral in Eq. (18) can be evaluated to give

T 2p0a(m + M) - Vh(\ - M2) 1
7 — — J

x exp ^D-in<t>-l-^\ Jn(nY) (23)

where /„ is the Bessel function in which the argument Y is

m sinOY = (24)(l-M2sin20)1/2

and the Doppler amplification factor KD is defined as

KD = (\- M2 sin2Q)1/2 - M cosO (25)

The force on the blade/) is decomposed into the thrust compo-
nent T and the drag component D, which is in the tangential
direction of the circular path of the rotation, as

= (-T, -D sin0, D cos0) (26)

Fig. 3 Polar coordinates.
With quite a bit of algebra,9 the second term of the integrand
in Eq. (17), which is the contribution from the force on the
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blade, can be represented by the sum of the following two
expressions:

dXj
. , inir]_ m ^ _ _ ^

2 J

- - M T (27)

l-M2

(28)

In these expressions, we have taken only the leading terms in
the expansions under the far-field approximation. By substi-
tuting Eqs. (18), (27), and (28) into Eq. (17), we finally arrive
at an expression for the Fourier coefficient Cn as

Cn = exp

-M2)l

x +r cosQ
(l-M2sin2Q)1/2 J m

x Jn(nY) exp(-in<t>)(cosa)-lRd Rd<t> (29)

where the rotational Mach number m, distributed force (T,D),
and thickness distribution h are functions of the coordinates
(</>,/?) on the blade surface and a is the twist angle of the blade.

We have achieved in Eq. (29) in reducing the expression for
the Fourier coefficient of the acoustic pressure at an ob-
server's location jc to a surface integral on the blade planform
surface.

One interesting and perhaps useful feature of Eq. (29) can
be observed. For a fixed radius R, the 0 integral is the Fourier
integral of the blade thickness h and the force (T,D). With
proper arrangement of the planform shape, the R integral may
give a favorable phase cancellation effects for those particular
harmonics.

Zone of Relative Silence and Doppler Amplification
Some important characteristics, particularly the directivity

pattern, of the acoustic disturbances can be extracted from
Eq. (29).

The Bessel function Jn(nY) is exponentially small for Y<1.
This is particularly true for high harmonics, i.e., large n.
Therefore, Y<\ defines a zone of relative silence where only
the subsonic Gutin's noise exists. From the definition of the
variable Y [Eq. (24)], we can derive the following bound on
the meridian angle 0 for the zone of silence:

- sin \ 0 < sin' 1

Mti]
(30)

tip

where Mtip is the tip Mach number which is the vector sum of
the forward flight velocity and the rotational velocity at the
tip.

This result shows that the zone of relative silence is a pair of
cones with the flight direction as its axis. The semiapex angles
of the cones of silence fore and aft of the rotor plane remain
symmetric even in the cases with forward flight velocity. (See
Fig. 4.) The angle is entirely dependent on the tip Mach
number and is independent of the individual components of
the forward flight and rotating Mach numbers. In the first
sight, this result is surprising. However, Hayes12 confirmed
this result by considering the ray path of the emitted Mach

Direction
of Flight V7 m2 + M2

Zone of Silence

Axis

Propeller Plane

Fig. 4 Zone of silence.

V
Sonic Line

Fig. 5 Rays of Mach waves.

Constant
Strength

Fig. 6 Qualitative directivity.

waves. He computed the envelope of the ray cones generated
by a rotating source in a uniform flow and found that the
envelopes are cones with the semiapex angle given by Eq. (30).
Referring to Fig. 5, one can see immediately that the Mach
waves propagate sideway into a region confined by the en-
velopes of the ray cones emitted at the tip of the propeller.

Tarn and Salikuddin8 computed the radial distance of the
shock formation along the direction of propagation as a func-
tion of the meridian angle Q for a SR3 propeller operating at
a flight Mach number of 0.8. The tip rotational Mach number
was 0.825. They showed that for 65<Q<120 deg, shock
waves are formed, but that there is no shock formation out-
side of this range because of the weak sound level. Using the
operating condition, the tip Mach number Mtip is 1.15. The
corresponding Q range of strong acoustic disturbance can be



APRIL 1989 SUPERSONIC PROPELLER NOISE IN A UNIFORM FLOW 389

Rays Not Pointing
at the Observer

Observer

where f is a function of the polar coordinate (R, 6) and is given
by Eq. (20). The stationary point can be easily obtained as

Rays Not Pointing
at the Observer

x Line of Stationary Phase

Rotor Plane

Fig. 7 Radius of stationary phase and ray.

computed by using Eq. (30) and is 60<Q< 120 deg. This is in
very good agreement with the results by Tarn and Salikuddin.8

It can also be observed that the strength of the acoustic
disturbances decays as (KDrQ)~~l

9 where KD is the Doppler
amplification factor. KD is defined by Eq. (25) and is depen-
dent on the meridian angle Q. Therefore, the strength of the
signal is stronger in the downstream direction and is weakened
in the upstream direction, as one would expect intuitively.
Figure 6 shows the qualitative directivity pattern as discussed
in the last paragraph. A similar picture indicating the wave
front geometry was given be Lowson and Jupe13 based on a
kinematic consideration of the wave front propagation.

Limited information on the directivity pattern obtained
from the flight test of the SR3 propeller together with the
computed results were given by Tarn and Salikuddin.8 Figures
13 and 14 of their paper presented the wave forms at 12 = 110
and 73 deg, respectively. To examine the directivity pattern,
the peak value of the pressure wave form is chosen as the
strength of the signal. If one computes the ratio between the
peak of the pressure waveform at 12 = 73 deg and that at
Q = 110 deg, the experimental value is approximately 2.2. The
ratio of the signal strength at these two locations can also be
estimated by using the Doppler's factor and is approximately
2.27. Although the detailed waveform at various locations
depends on the distribution of the sources on the blade sur-
face, the agreement between the predicted and experimental
values as discussed above is probably more than coincidental.
In the present theory, the Doppler's amplification factor is
applied to all frequency components. Therefore, an integrated
norm of the time waveform is probably a better quantity for
verification of the predicted directivity pattern. Nevertheless,
the comparison given above seems to support the qualitative
directivity pattern obtained by the present theory.

Asymptotic Evaluation of Noise Field for
High Harmonics

For supersonic acoustic disturbances, we are expecting a
spectrum rich in high harmonics. An asymptotic evaluation of
the integral in Eq. (29) in the limit of large n can further
simplify the expression and give further insight into the nature
of the acoustic disturbances. Following Hawkings and Low-
son3 again, we use the method of stationary phase to evaluate
the integral in Eq. (29).

The phase function under consideration is

(32)

Since uR/a = m, Eq. (32) indicates that the main contribution
to the acoustic signal comes from a blade section where the ray
is directly pointing toward the observer, as shown in Fig. 7.

The approximate Fourier coefficients for high frequency are
then given by

/ (l-M2sin2Q)1/2(l-M2)
Cn- — ———337; £——

Poa2(m +M)- v/z +

[ in TT in (joroKp
-^- + «(1-M')J

(1-M2)

cosQ
xz-M

shift

——a (31)

(33)

The asymptotic evaluation of the Fourier integral reduces the
surface integral to a line integral along the chord of a blade
section where the emitted ray directly points at the observer.
In Eq. (33), one can observe that the high-frequency compo-
nents of the thickness noise is essentially the Fourier coeffi-
cients of the slope of the blade surface. For a blade leading
edge with a finite slope, e.g., diamond airfoil, the slope has a
finite discontinuity there. It can be easily verified that the
Fourier coefficients of a function with finite discontinuity
behaves as n ~l for large n. For an airfoil with a blunt leading
edge, the slope is singular as < />~ 1 / 2 . The Fourier coefficient
decays slowly as n ~1/2 for large n. This is the radiating singu-
larity as was discussed by Tarn.14 These singularities are inte-
grable. Hence, an integrated norm of the noise such as the
over all sound pressure level can still be defined and well
predicted by the linear theory.3

Conclusions
The present analysis extends the work of Hawkings and

Lowson3 to include a finite forward flight speed. The solution
to the convective wave equation is constructed by using the
fundamental solution. The intent of the analysis is to provide
some physical insights into the characteristics of the sound
field, particularly the effects of the forward flight speed to the
directivity pattern. These information are important for
studying the "cabin" noise when observers are traveling with
the aircraft. It is found that the cones of silence exist fore and
aft the propeller plane. The semiapex angle of these cones is
shown to be Q = sin"1 l/Mtip, which is symmetric with respect
to the propeller plane. This symmetric characteristics of the
cones of silence was explained by the ray path of the emitted
Mach waves. The Doppler amplification factor strengthens
the signal downstream, while weakening the upstream one.
These information are extremely useful in planning the posi-
tion of the propeller with respect to the cabin to minimize
noise and acoustic treatment.
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